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Abstract
A formal multipole expansion of tensor functions dependent on several vector parameters 
is obtained in an invariant differential form. We apply this result to derive multipole ex-
pansions of finite rotation matrices in terms of finite sums of bipolar harmonics. The mul-
tipole expansion in terms of bipolar harmonics of unit vectors rˆ1 and rˆ2 are analyzed for 
functions of the type f (r)Ylm(rˆ) (with r = r1 − r2), which are important in two-center prob-
lems. As another example of the application of the multipole expansion technique, reduc-
tion formulae are obtained for tensor constructions which appear in analyses of angular 
distributions in photoprocesses which take exact account of non-dipole (or retardation) ef-
fects. As a result, the “photon factors” in the angular distribution for an arbitrary photo-
process are expressed in an invariant form involving only the photon polarization vector 
and spherical harmonics of the photon wavevector.
1. Introduction
Separation of kinematical (i.e. dependent on the geometry, polarization states, and mo-
mentum directions of the target and projectiles) and dynamical (i.e. dependent on the en-
ergy and other quantum numbers of interacting particles) factors is an important task for 
analyzing many physical processes. Different methods may be used for these purposes de-
pending on the specific character of the problem. For instance, the techniques of helicity 
scattering amplitudes [1] and invariant amplitudes [2] are useful for the general analysis 
of S-matrix elements in quantum electrodynamics. Such methods provide a powerful tool 
for the analysis of general properties of a physical phenomenon based only on symmetry 
considerations, taking into account the invariant (e.g. vector or spinor) characteristics in-
herent to the concrete problem.
In atomic physics, spherical symmetry arguments are most important both for analyz-
ing the atomic response to external perturbations and for the separation of kinematical and 
dynamical factors in amplitudes and/or cross sections of atomic collisions with photons 
and/or electrons. Although the widely used techniques of angular momentum algebra pro-
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vide the possibility for such analysis, in general the direct use of these techniques requires 
tedious routine calculations of sums of Clebsch–Gordan coefficients and leads to compli-
cated final expressions for the cross sections (involving spherical harmonics or their ten-
sor products, i.e. multipolar harmonics of vectors of the problem). The key issue is to find 
a more convenient parametrization of a cross section, preferably as a combination of sim-
ple vector constructions, such as the scalar products of vectors of the problem and/or ex-
pansions in Legendre polynomials of angles between these vectors.
In a set of papers ([3–6]; see also the mathematical appendix in [7]), we have devel-
oped a number of methods for the reduction of complicated tensor constructions which 
appear in the theory of angular distributions involving polarized particles. In its most gen-
eral formulation, our approach is based on an invariant (i.e. independent of a concrete co-
ordinate frame) analysis of the irreducible tensor operators of rank j, Tjm, dependent on a 
number of vector parameters, Tjm = Tjm(a1, a2, . . .). In physical applications, the vectors 
ai may be associated with momenta of incident and scattered particles, spins and angu-
lar momenta of targets and projectiles etc. Irreducible tensor sets are fundamental objects 
of the theory of angular momentum [8] and they occur in fact (explicitly or implicitly) in 
any problem possessing spherical symmetry, either directly in the initial formulation (as, 
e.g., in the state multipoles ρjm when dealing with partially polarized targets and/or pro-
jectiles) or indirectly as when they are composed of vector or spinor parameters of the 
problem being analyzed with the use of angular momentum algebra (as, e.g., in multipo-
lar harmonics). The idea of an invariant parametrization of tensor operators was realized 
by Manakov et al. [4], where invariant representations of finite rotation matrices (FRMs), 
R jkm(Ω), were introduced (i.e. having explicit tensor forms; see section 4 below for further 
details). FRMs are basic objects in the quantum theory of angular momentum (see, e.g., 
[9]) that determine the transformation of tensor operators under the rotation Ω of a coor-
dinate frame
 (1)
where Tjm and T˜jm are the components of an irreducible tensor Tj , given in the “old” 
(space-fixed) frame K and in the “new” (rotated) frame K˜, respectively; and where Ω de-
notes three rotation parameters, for example the Euler angles α, β, γ . Using the transfor-
mation rule (1), Tjm (or more exactly, T˜jm , i.e. the operator Tjm in an arbitrary reference 
frame K˜ ) may be presented in terms of its jm′-components in a suitable frame K, and of 
invariant FRMs, without an explicit parametrization of the rotation Ω; see for instance 
equations (53) and (54) in [4]. Moreover, the parameters which implicitly describe the ro-
tation Ω (e.g. two non-collinear vectors n and n′, for the case of integer j [4]) may be con-
nected with some observable vector quantities a1, a2, . . . of the problem being analyzed. 
Thus, the tensors Tjm, which enter the final results for cross sections after the direct use 
of angular momentum algebra techniques, may be presented in simplest form, directly 
in terms of physical observables a1, a2, . . . . The invariant parametrization of the trans-
formation rule (1) is not the only way to present complex tensor constructions in a sim-
ple invariant form (although it is the most general way). Other ways include the so-called 
algebraic method, which is based on the evident invariance of tensor identities to the par-
ticular choice of coordinate frame, and the reduction technique for the tensor products of 
spherical harmonics. This reduction technique, developed originally by Manakov et al [3] 
for the simplification of bipolar harmonics with higher-rank internal tensors, i.e. tensor 
products of spherical functions Tjm (n, n′) ≡ {Yl(n) Ä Yl′ (n′)}jm with (l + l′) > j, includes 
also an original technique of invariant vector differentiation of functions dependent on 
(in general, several) vector arguments. The utility of these methods for concrete physical 
problems was demonstrated, in particular, in papers [3, 4, 7] by the derivation of conve-
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nient, canonical parametrizations of angular distributions for a number of photoprocesses 
in the electric dipole approximation (which is applicable for optical photons). Further ap-
plications have been demonstrated recently in the theory of coherent population trapping 
and laser cooling of atomic gases [10, 11] and to account for relativistic effects in two-
photon transitions [12].
In this paper we present another method (i.e. in addition to those discussed in the pre-
vious paragraph) for analyzing an irreducible tensor set Tjm = Tjm (a1, a2, . . .) that is de-
pendent on a number of vectors. Namely, the ideas of the invariant “vector differentiation 
technique” [3] are extended here to derive the multipole expansion of Tjm, i.e. the expan-
sion of a general tensor Tjm (a1, a2, . . .) in terms of the complete set of multipolar harmon-
ics of rank j that depend only on the directions (“angular variables”) of the vectors a1, a2, 
. . . . The multipolar (in particular, bipolar and tripolar) harmonics form a well known ba-
sis set for the multipole expansion of functions dependent on a few vector directions [9]. 
Such expansions are standard tools in physics, especially in quantum many-body theory 
and in electromagnetic theory. The regular method for calculations of the coefficients in 
multipole expansions is the projection technique, based on the orthogonality of harmonics 
with different ranks. However, the projection method allows one to obtain analytic results 
only for a limited set of functions having simple functional forms so that necessary inte-
grals can be calculated analytically. We present here an alternative, differential approach, 
which generalizes earlier results by Sack [13] (who dealt with multipole expansions for 
the special case of two-center functions) as well as by Avery [14] and Wen and Avery [15] 
(who dealt with bicenter expansions using the vector differentiation technique in three di-
mensions [14] and m dimensions [15] for the special case of scalar functions). Our gen-
eral results for the multipole expansion of Tjm (a1, a2, . . .) in an invariant differential form 
are presented in Section 2 (cf. equations (8), (11)). This invariant differential method is 
flexible enough to be applied to a wide class of tensor functions Tkm. The details of the ap-
plication of the formal techniques presented in Section 2 to concrete calculations are illus-
trated in Section 3. In that section we treat the multipole expansion (in terms of bipolar 
harmonics) of a tensor function that is dependent on the distance between two points spec-
ified by the vectors r1 and r2. This type of function is important in many two-center prob-
lems, and its multipole expansion, which is similar to that in our equations (17) and (18), 
was obtained earlier [13] by a noninvariant differential method which requires more cum-
bersome calculations. In section 4 we derive the multipole expansion (25) for our invari-
ant representation for FRMs in vector form. For Euler’s parametrization of the rotation Ω, 
this surprisingly simple result (25) reduces to the multipole expansion of the Wigner D-
functions and, further, to the compact expansion of spherical harmonics Ylm(θ, φ) in terms 
of the Legendre polynomials Pk(cos θ ).
In section 5 we present the simplification of the tensor Tkm which involves the tensor 
product of more general objects than Ylm(n), vector spherical harmonics Y
l
JM(n) (or elec-
tric and magnetic multipoles, Y (λ)JM (n)), which are fundamental objects of electromagnetic 
theory [16] and which appear, in particular, in analyses of photon–atom interactions that 
go beyond the electric dipole approximation. As an example of the physical application of 
this result, in Section 5 we analyze angular distributions in photoprocesses and obtain the 
simplest invariant form for the “photon factors” of partial cross sections for an arbitrary 
photoprocess, taking exact account of non-dipole (retardation) effects. We present two pa-
rametrizations for “photon factors,” (36) and (38), based on an extension of our previous 
results on the reduction of tensor products involving spherical harmonics [3] and on the 
use of the regular method of multipole expansions presented in section 2. As discussed in 
Section 5.1, these parametrizations may prove useful for the analysis of experimental data 
in the VUV and x-ray frequency ranges characteristic of the new generation of synchro-
tron light sources.
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Finally, in the appendix we present the generalization of the well known “gradient for-
mulae” [9] for the action of a single gradient-operator on a function of the form f(r)Ylm(rˆ) 
to the case of tensor products of several gradient-operators.
2. Differential formulae for multipole expansions of tensor operators
Below we present the general method for the derivation of the multipole expansions of 
tensor operators of rank j based on the use of the differential technique, which is similar to 
that used in the usual Taylor expansion of some tensor function Tjm (r):
 (2)
where Ñ′ = ∂/∂r′. It is seen that different terms in this identity are homogeneous poly-
nomials in coordinates of the vector r = (x, y, z), which can be decomposed into irreduc-
ible parts, thus establishing the dependence of the function Tjm (r) on the coordinates of 
the unit vector r/r in terms of infinite sums of spherical harmonics. Therefore, these sums 
(called “multipole expansions” of the function Tjm (r)) are none other than somewhat rear-
ranged Taylor series, and our idea is to modify equation (2) in order to present the angular 
dependence of Tjm (r) in the form of irreducible tensor products.
Firstly, we note that equation (2) may also be written in symbolic form as
 (3)
where for the operator exponent on the rhs of this equation we use the standard multipole 
expansion of an exponential function [9]:
 (4)
The notation {r}l is used for the tensor product of l vectors r, which is related to the spher-
ical harmonic [3, 9] as follows:
(5)
(Note that the multipole expansion of the finite rotation operator, exp(−iω n·j ), in a (fi-
nite) sum of spherical harmonics similar to the expansion (4) was used by Happer [17].) 
The spherical Bessel function, jl(ra), in (4) is connected with the hypergeometric function 
0F1(a; x) [18]:
Taking account of this equation and noting that in our case a = Ñ′, equation (3) for Tjm (r) 
may be rewritten as
 (6)
The use of the tensor recoupling rule [9] leads to the following identity:
 (7)
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Inserting (7) into (6) we obtain finally
 (8)
Obviously, the entire dependence of the rhs of this equation on the direction of the vec-
tor r is given by the term {r}l , which is in fact the spherical harmonic (5). Thus, equa-
tion (8) gives the most general, symbolic form for the multipole expansion of the tensor 
Tjm (r) into the (generally infinite) sum of spherical harmonics of  rˆ. The calculation of co-
efficients in the multipole expansion (8), i.e. of derivatives of Tjm (r) at r = 0, may be per-
formed using  methods for invariant vector differentiation (see [3]). If the tensor Tjm de-
pends (besides r) on other vectors, a1, a2, . . . , as the result of such differentiation the 
spherical harmonics of vectors ai will enter the final result. Thus, in general, equation (8) 
is a multipole expansion in a series of multipolar harmonics of rank j .
If the tensor Tjm depends on only two vectors, r and a, then the general form of the co-
efficients is
(9)
where, for simplicity, we suppose that |a| = 1, and where Y˜ lm(a) are “renormalized” spher-
ical harmonics, Y˜ lm(a)  ≡ (4π/(2l + 1))½ Ylm(a). Indeed, the lhs of (9) does not depend on 
the vector r′ (after the differentiation and evaluation of the result at r′ = 0) while it is a 
tensor of rank l′. Hence, it is proportional to the spherical harmonic of the unit vector a, 
which is the only vector quantity in the problem. The scalar factor Cll′ (r) in (9) may be 
calculated in any suitable coordinate frame, for example in the frame K whose z-axis is di-
rected along the vector a. In this frame, only the component a0 = az = 1 is nonzero, and 
thus equation (9) gives
 (10)
This result shows, in particular, that the calculation of Cll′ simplifies drastically if Tjm (r) 
obeys the Laplace equation, Ñ2 Tjm (r) = 0. Hence, for this case the series expansion for 
the function 0F1 in (10) may be replaced by unity. Equations (8) and (9) lead to the fol-
lowing final result for the multipole expansion of a tensor function of two independent 
vectors, r and a:
(11)
Obviously, this is an expansion in a complete set of bipolar harmonics.
3. Multipole expansion of two-center functions of the form f (r)Yjm( rˆ)
As an illustration of the application of the general formulae derived in section 2, we 
consider first the expansion in bipolar harmonics (of arguments rˆ1 and rˆ2) of a tensor func-
tion Tjm (r1, r2) that is dependent only on the direction and magnitude of the vector argu-
ment r = r1 − r2:
Tjm (r1, r2) = f(r)Yjm(rˆ),                                                       (12)
where f(r) is an arbitrary (differentiable) function of r = |r1 − r2|. Such functions of the 
distance between two points specified by the vectors r1 and r2 are important in many two-
center problems. A number of results for concrete choices of f(r) are presented in [9], and 
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an analysis of the general form of f(r) was performed by Sack [13]. Below we shall show 
that for the case considered here the expressions for the coefficients in the general multi-
pole expansion (8) may be reduced to a simpler form, not involving gradient-operators.
In order to obtain explicit expressions for the coefficients of the multipole expansion 
of the function (12), we shall need to calculate tensor products involving gradient-opera-
tors that appear in two equivalent forms,
{{Ñ2}l Ä f(r) Y˜ j (rˆ)}l′m′ |r2=0 = (−1)
l {{Ñ1}l Ä f(r1) Y˜ j (rˆ1)} l′m′  ,             (13)
where Ñi = ∂/∂ri. For l = 1, the differentiation in the tensor product on the rhs of (13) can 
be performed using the well known “gradient formulae” (see, e.g., ch. 5, section 5.8.3 in 
[9]) for the action of a single gradient-operator on a function of the form f(r)Ylm(rˆ). The 
generalization of these formulae to the case of tensor products of several gradient-opera-
tors is given in the appendix. This more general result is
(14)
where dˆ = (1/r)(d/dr) and where g ≡ ½(l + l′ + j) is an integer number since (l + l′ + j) is 
even because of the properties of the Clebsch–Gordan coefficients C l′0l0j0. Note that, de-
pending on the explicit form of the function f(r) in (12), it may be convenient to use an al-
ternative form of equation (14), given by (A.7), involving another ordering of the deriva-
tive operators dˆ.
Taking into account (14), the general equation (8) for the function (12) may be written 
(after some rearrangements of summation indices) as
(15)
where the differential operator ˆ  is defined by
 (16)
Taking into account the known identity
we obtain the multipole expansion for the function (12) in the following final form:
(17)
where the coefficients B are defined by
(18)
Note that the ˆ -operator (16) commutes with the Ñ2-operator because ˆ originates from 
Ñ-operators (see (8) and (A.2)). Thus, we can write the operator ˆ ( j )
ll′
 (r1) in (18) before 
the sum over the index k.
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The results for an arbitrary f(r) given by equations (17), (18) are closely related to the 
results of Sack in [13], where they were derived for the first time based on the multipole 
expansion for the function r n Yjm(rˆ), with r = r1 − r2. Unlike the results in [13], our oper-
ator expression in (18) for the coefficients B does not depend on the relation between the 
indices l, l′ and j . In addition, by dealing initially with an arbitrary f(r), we have obtained 
the nontrivial relation (A.8) for the differential operators dˆ = (1/r)(d/dr). For the special 
choice of the function f(r), f(r) = rn, the explicit form of the coefficients in the multipole 
expansion (17) may be easily derived from (18),
(19)
where 2F1(α, β; γ ; x) is the Gauss hypergeometric function. These results coincide with 
those derived by Sack [13]. As we mentioned above in Section 2, the multipole expansion 
simplifies for tensor functions Fjm(r) obeying the Laplace equation, Ñ2Fjm(r) = 0. Namely, 
for f(r) = r j (or f(r) = r −j−1) the Pochhammer symbols in (19) are nonzero only for j = l + 
l′ (or j = l −l′). Therefore, the summations in (17) over l and l′ become finite and the hy-
pergeometric function in (19) reduces to unity. We do not present here explicit expres-
sions for these well known results [9].
4. Multipole expansion of finite rotation matrices
The FRMs R jkm(Ω) constitute an irreducible tensor set having rank j and projections m. 
The tensor sense of the index m is obvious from equation (1), which may be interpreted as 




by the (non-tensor) index m′. Recently we introduced the so-called invariant representa-
tions of FRMs (see [4, 5] for the case of integer ranks j and more general results in [6] that 
are valid for both integer and half-integer j ), which are useful, in particular, for analyses 
of angular distributions in processes involving polarized particles. For the case of integer 
j, these invariant representations have the simplest form for symmetrized combinations of 
R jkm(Ω), i.e. the “parity-projected” FRMs, which are defined by [5]
(20)
where λp = 0 (λp = 1) for even (odd) parity. Manakov et al [4] obtained several alternative 
invariant forms for the FRMs R jλpkm. The most general result for parity-projected FRMs 
can be expressed in terms of bipolar harmonics depending on two vectors, n and n′, con-
nected with the fixed frame K (cf. equation (7) in [5]):
(21)
where the coefficients Aλp
ks
 (θ) depend on the angle θ between the vectors n and n′ (0 < θ 
< π) [5], and where the tensor products {Yj−s(n) Ä Ys+λp (n′)}jm are the so-called “minimal 
bipolar harmonics.” The vector n is directed along the z-axis of the fixed frame K and the 
vector n′ lies in the zx-plane. (Thus, the angle θ is the free parameter, and the three inde-
pendent real parameters of the rotation Ω in our approach are determined by the angular 
coordinates of n and n′ in the “new” (or rotated) frame K˜ .) We use the term “minimal bi-
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polar harmonics” for the parity-projected tensor products {Yj−s(n) Ä Ys+λp (n′)}jm (with in-
dex s = 0, 1, . . . , j − λp) since they form the (minimal) basis set of (2j + 1) irreducible ten-
sors in a space of tensors with an integer rank j. (There are ( j +1) polar tensors for λp = 0 
and j axial tensors (pseudotensors) for λp = 1.)
Obviously the representation of the FRM in equation (21) is not actually a multipole 
expansion since the coefficients Aλpks (θ) are θ dependent. (They are in fact proportional to 
the Gegenbauer polynomials C ½−kk−s−λp (cos θ ); see [4, 5] for details.) Since the FRM in an 
invariant vector form may be considered as a special case of a tensor function Tjm com-
posed of two unit vectors, n and n′, the general result (11) allows one to obtain the ac-
tual multipole expansion of our invariant expressions for the FRM, i.e. the expansion of 
R jkm(n, n′) in terms of regular (not “minimal”) bipolar harmonics of vectors n and n′ with 
angle-independent numerical coefficients. For this derivation we use the following repre-
sentation of FRM (see equation (17) in [4]):
(22)
where the coefficients Ajk are
and where e0 and e1 are spherical basis vectors of the (“old”) frame K. For the basis vec-
tors e0,±1 in (22) we shall take combinations of two non-collinear unit vectors n and n′ 
whose orientations in the “old” frame K have been discussed above, after equation (21). 
Thus, we have e0 ≡ n,
In terms of n and n′, equation (22) takes the form
(23)
In the frame K the tensor product in (23) has the following form:
It therefore satisfies the Laplace equation, thus simplifying the evaluation of (10) for the 
coefficients Cll′ (r):
(24)
Substituting the last of these equations into (11), we obtain the desired multipole expan-
sion of the FRM:
(25)
This important identity can be verified straightforwardly by considering the zero rota-
tion, Ω = 0. Indeed, in [4] it was noted that if an irreducible tensor of the rank jm is equal 
to δk,m for Ω = 0, then (for nonzero Ω) it coincides with the FRM R
 j
km
(Ω). This is a simple 
consequence of the invariance of tensor identities with respect to the choice of coordinate 
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frame. For Ω = 0, the vector arguments of the spherical harmonics in (25) are n = (0, 0) 
and n′ = (θ, 0). Thus the bipolar harmonic on the rhs of (25) reduces to a Clebsch–Gordan 
coefficient and a spherical harmonic Yk±k(θ). When the latter spherical harmonic is evalu-
ated explicitly, all l-independent factors on the rhs of (25) are cancelled. Further, the sum 
of the product of two Clebsch–Gordan coefficients is equal to δ±k,m because of their or-
thogonality properties, and, hence, the result (25) is valid. Note that the Clebsch–Gordan 
coefficient on the rhs of (25) may be given in closed form without any summations [9] as
 (26)
The multipole expansion (25) gives one additional (to that in equation (21)) invariant rep-
resentation of the FRM in terms of bipolar harmonics of two independent vectors. How-
ever, these harmonics are not “minimal”: the sum of the ranks of their internal spherical 
harmonics, k + l, exceeds the external one, j. We note the surprisingly simple form of the 
multipole expansion (25) which involves only one Clebsch–Gordan coefficient, (26).
As has been demonstrated in [6], for the parametrization of a rotation Ω in terms of 
Euler angles, invariant representations of FRMs reduce to the well known Wigner D-func-
tions [9],
R  jkm(α, β, γ ) ≡ D 
    j
km (α, β, γ ) = exp(−ikα) d 
j
km (β) exp(−imγ).                (27)
Thus, for Euler’s parametrization of Ω, the result (25) should give the multipole expan-
sion of the Wigner d j(β)-matrix. The desired expansion may be established by considering 
the auxiliary rotation described by the Euler angles (0, β, 0). This corresponds to the fol-
lowing choice of vectors n and n′: n = (β, π) and n′ = (0, 0). Using this parametrization in 
(25) it is easy to obtain the expansion of d j(β) in spherical harmonics Ylm(β, φ) with φ = 0 




The corresponding result for the total Wigner function D jkm in (27) is
(29)
Note that the expansion (28) and thus (29) can also be easily obtained straightforwardly 
using the addition theorem [9] for the product of d j(β)-matrices, d jkm(β) d 
k
−k0(β).
For m = 0, the D-function reduces to a spherical harmonic [9]. Thus, using (26) and 
the explicit form for C l0k0 j0 [9], from (29) follows the expansion of the spherical harmonic 
Ylm(θ, φ) in Legendre polynomials Pq (cos θ):
(30)
where (nm) is the binomial coefficient. For m ≤ 4, results calculated according to (30) co-
incide with those presented in section 5.13.2 of [9]. However, we believe the compact ex-
pression (30) for arbitrary values of m is a new result.
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5. Application of multipole expansions to the case of photoprocesses involving non-
dipole (retardation) effects
In this section we shall demonstrate the utility of our invariant techniques for the re-
duction of tensor products involving vector spherical harmonics, Y lJM(n), or their linear 
combinations, the electric (for λ = 1) and magnetic (for λ = 0) multipoles, Y (λ)JM(n) [9]. 
These objects form a convenient basis for expansions of vector functions F(r), and they 
are especially useful in electromagnetic theory (see, e.g., [2, 16]). We illustrate our method 
by an analysis of the general structure of the differential cross sections in quantum elec-
trodynamical calculations of photoprocesses involving x- or γ -rays, when a correct ac-
counting for non-dipole (retardation) effects in the photon–atom interaction is required.
In the radiation gauge, the operator for the electron–photon interaction is defined by 
the scalar product of Dirac matrices with the vector-potential, Aμ = eμ exp(i k · r), where eμ 
are the spherical components of the (generally complex) polarization vector e of a photon 
having frequency ω and wavevector k = (ω/c)n; e · k = 0, e · e* = 1. In order to integrate 
over r in calculating S-matrix elements for electromagnetic transitions, A(r) is expanded 
in vector spherical harmonics [9]:
(31)
where the coefficients a are defined by
where jJ (kr) is a spherical Bessel function.
Since the polarization-angular and r dependences in (31) are factorized, the use of 





completely describes the “photon part” of the cross section. We cannot specify here an 
explicit form of the atomic parameters (“atomic tensors”), km
JλJ′λ′ (ω), which are in-
dependent of e and n, since they are determined by the specific dynamical model used 
to describe the photoprocess considered. However, we can simplify the photon tensor 
Tkm
 JλJ′λ′(e, n), which has a universal form that is independent of any particular dynamical 
model or of any photoprocess being analyzed. Obviously, this tensor has a cumbersome 
structure, because it contains electromagnetic multipoles with arbitrary ranks J and J′.
The tensor Tkm
 JλJ′λ′ depends on three vectors, n, e and e*, and the method of multipole 
expansions developed in Section 2 may be used straightforwardly for its simplification. 
However, we first demonstrate how the results for this particular case may also be ob-
tained by an algebraic method (cf. the discussion of equation (11) in [3]). Namely, Tkm
 JλJ′λ′ 
can be easily calculated in the coordinate frame K with z-axis directed along the vector n. 
In this frame the nonzero components of Tpm
 JλJ′λ′ are
(34)
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where ΠJJ′ = ((2J + 1)(2J′ + 1))
½; in obtaining (34) we used the fact that e0 = 0, because 
the vector e lies in the xy-plane. Now, we have to construct the “minimal” tensor, whose 
components calculated in the frame K must be equal to those given by equations (34). 
This tensor should be composed from the vectors involved in the problem, i.e. e and n. 
Let us introduce two orthogonal vectors, e ± = (e ± i [e × n]) /2. In the K-frame the vector 
e + (or e −) has only one nonzero component (e +)1 = e1 (or (e −)−1 = e−1). Further, we con-
sider the minimal tensor {{e + Ä e +}2 Ä Y˜k−2(n)}km. It is easy to verify that in the K-frame 
this tensor has only one nonzero component,
 (35)
Thus its component coincides (up to an inessential numerical coefficient) with the compo-
nent Tk2
JλJ′λ′ given in (34). Similarly, the minimal tensors, corresponding to other compo-
nents of Tkm
JλJ′λ′, may be constructed. After some algebra involving tensor products of e ±, 
we arrive at the representation of the photon tensor Tkm
JλJ′λ′(e, n) in the form
(36)
where ξ is the circular polarization degree of the photon, ξ = in·[e × e*] (see [2]); the nu-
merical coefficients Ak
(i) (which depend on J , J′, λ, and λ′) may be written as simple com-
binations of Clebsch–Gordan coefficients:
 (37)
where f = J + J′ + λ + λ′ + k. Thus, in (36) the tensor Tkm
JλJ′λ′(e, n) is presented as the sum 
of three simple tensors of rank k: one of them is a spherical harmonic and the other two 
are simple tripolar harmonics in which two of the internal tensors are rank-1 tensors (vec-
tors e and e*). In other words, the result (36) gives the multipole expansion of the tensor 
Tkm
JλJ′λ′(e, n) in the terminology of section 2.
As noted above, the tensor Tkm
JλJ′λ′ may also be obtained by the regular method pre-
sented in section 2, which is based on the general multipole expansion (8). Using 
Tkm
JλJ′λ′(e, rˆ ′) from (33) instead of Tjm(r′) in (9) and taking into account known relations 
between YJ 
(λ) ( rˆ) and the spherical harmonics Ylm(rˆ) [9], one obtains after a number of ma-
nipulations the differential form of the photon tensor:
(38)
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Note that the differentiation in this equation may be performed straightforwardly, us-
ing the invariant differentiation technique (see [3] and especially the appendix therein). 
Then the result coincides with that in (36). Nevertheless, the differential form (38) may 
be the most convenient one for concrete applications, since here the whole dependence 
on the tensor projection m is concentrated in only one spherical harmonic, Ykm( rˆ). Thus, 
it simplifies the calculation of the scalar product of the photon tensor with the “atomic 
tensors” km
JλJ′λ′ in equation (32) for the cross sections. After calculation of this scalar 
product, the result of vector differentiation may be presented directly in terms of those 




Obviously, the parametrization of a photoprocess cross section by equations (32) and 
(36) or (38) is very general. It simplifies considerably in a number of special cases, de-
pending on the particular photoprocess, the symmetry of the target atom, etc. Specifically, 
the structure of the atomic tensor, km
JλJ′λ′(ω), in (32) is determined by the vector physical 
variables of the problem other than e and n, for example by the spins and the momenta of 
the incident and/or escaping electrons, by the polarization state of the target, etc. For in-
stance, for the case of emission or absorption of a single photon by an unpolarized target 
without observation of the target polarization in the final state there are no other vectors 
in the problem besides e and n. Thus, only partial cross sections km with k = 0 (scalars) 
in (32) are nonzero. If only one vector, say b, is inherent to the “atomic part” of the cross 
section (e.g. the electron momentum p, or the angular momentum j of a polarized target), 
then km
JλJ′λ′ will be proportional to {b}km, i.e. to the spherical harmonic of b. Moreover, 
after the contraction of this spherical harmonic with those involved in equations (36) or 
(38) the final result will be expressed in terms of Legendre polynomials (which depend on 
the angle between b and n) whose number is finite (for b = j) or infinite (for b = p ).
Note that Tkm
JλJ′λ′ reduces to {e Ä e*}km in the electric dipole approximation, when J 
= J′ = λ = λ′ = 1. For this case, the cross section of any photoprocess reduces to the sim-
ple form,
(39)
where the atomic tensor km
dip(ω) does not depend on k and e. Properties of the photon po-
larization tensor {e Ä e*}k and its various parametrizations were discussed in [3, 4]. We 
also presented in these works convenient parametrizations of the cross section (39) taking 
into account the explicit forms of the tensors km
dip(ω) for a number of the most important 
photoprocesses: the angular distribution and polarization effects in photon emission by a 
polarized target, the angular distribution of polarized electrons in photoionization of po-
larized atoms having an arbitrary angular momentum, and also the photon polarization ef-
fects in electron bremsstrahlung and in two-electron photoionization from unpolarized tar-
gets. In all these cases, the electric dipole approximation was used for the photon–target 
interaction. The analysis of the general structure of the photon tensor Tkm
JλJ′λ′ presented 
above allows one to extend these results to account accurately for non-dipole (or retarda-
tion) effects in electron–photon interactions.
The detailed analyses for concrete photoprocesses will be published elsewhere. We 
discuss here only some general features of equations (36) and (38). Firstly, the term with 
Ak
(3) in (36) vanishes in the electric dipole approximation, since it involves explicitly the 
wavevector k = (ω/c)n, which contributes only to beyond-electric-dipole-approximation 
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results. Moreover, this term vanishes also for completely circularly polarized photons 
(with ξ = ±1), in which case the general result for Tkm
JλJ′λ′ reduces to the following: 
(40)
(For the case of unpolarized photons (x = 0) the term with Ak
(1) should be omitted from 
this equation.) Generally, if a term with x appears in a cross section it describes the circu-
lar dichroism (CD) effect, i.e. the difference in cross sections for right and left helicities 
of an (in general) elliptically polarized photon. CD is typical for photoprocesses with po-
larized targets and/or electrons, although in some cases it appears also in photoprocesses 
with unpolarized particles (see, e.g., [3, 19]). Thus, the results presented in this paper may 
be useful for the rigorous analysis of the contribution of non-dipole corrections to dichro-
ism effects for VUV- and x-ray photons. In particular, recently it has been demonstrated 
that in VUV photoionization processes the non-dipole effects may make sizable contribu-
tions both to the angular distribution of photoelectrons from polarized atoms [20] and to 
the spin polarization of photoelectrons ejected from unpolarized targets [21].
6. Conclusion
In this paper we have presented a method which may be useful for the general prob-
lem of separating kinematical and dynamical factors in atomic processes as well as for 
other atomic and molecular problems dealing with a number of vector quantities. In the 
usual case, the use of standard methods of angular momentum algebra results in these 
vectors entering the final results for cross sections through complicated tensor construc-
tions Tjm (a1, a2, . . .). In order to extract the dependence of Tjm on the vector directions in 
an explicit form, we offer a method for obtaining multipole expansions of irreducible ten-
sor sets Tjm (a1, a2, . . .) in terms of multipolar harmonics dependent on the directions of 
ai. The formal multipole expansion of an irreducible tensor in a symbolic differential form 
is obtained in Section 2. The coefficients of this expansion are obtained either by means of 
invariant vector differentiation or by selecting a suitable coordinate frame. Some details 
of such calculations are illustrated in Section 3 for the example of the multipole expansion 
of two-center tensor functions dependent on the distance between two points specified by 
the vectors r1 and r2. (For another illustration, see also the appendix for higher-order “gra-
dient formulae” for spherical harmonics.) In Section 4 we derived the regular multipole 
expansion (in terms of bipolar harmonics) of the invariant vector representation of FRM. 
For a special choice of rotation parameters, this result reduces to the expansion of spher-
ical harmonics in terms of Legendre polynomials. In order to illustrate the application of 
our invariant techniques to concrete physical problems, in Section 5 we employed this 
technique for the reduction of tensor products of electric and magnetic multipoles, which 
appear, in particular, in the analysis of photoprocesses beyond the electric dipole approxi-
mation. These results thus provide a basis for analyzing non-dipole effects in the polariza-
tion and angular dependences of photoprocesses in the VUV- and x-ray regions. We note 
finally that irreducible tensor sets Tjm, and in particular their most important concrete ex-
amples, the FRM R jkm(Ω) and the spherical harmonics Yjm(n), are not only fundamental 
objects of the quantum theory of angular momentum but also have an interdisciplinary in-
terest. Thus any new results for these objects, such as those presented here, have an evi-
dent importance and potential usefulness in various applications.
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Appendix. Higher-order “gradient formulae” for spherical harmonics




This identity may be verified from the standard Leibniz differentiation rule when the ten-
sors are expressed in terms of their components. In our derivation, however, we employed 
the auxiliary relation,
(A.2)
which can be verified straightforwardly for an arbitrary function φ(r). For the calculation 
of the tensor product on the rhs of (A.1) we employ the rank-decreasing operator for the 
spherical harmonic, defined by equation (A.7) of [3]:
(A.3)
(A.4)
After rewriting the tensor product of gradient-operators in (A.1) in terms of the rank-de-
creasing operators (A.3), we use the tensor recoupling rule [9] and equation (A.4) to ob-
tain the following result:
(A.5)
Substituting into (A.5) the auxiliary relation
(A.6)
which follows from the definition of the spherical harmonics given in (5), the spherical 
harmonic Y˜ l′ (rˆ) can now be removed from the sum over k in (A.1). Calculating explicitly 
the 6j-symbol in (A.5) together with the Clebsch–Gordan coefficient in (A.6), after some 
tedious algebra we obtain the compact operator expression (14) for the tensor construc-
tion on the rhs of equation (13).
The key element in the derivation of (14) was the use of the rank-decreasing opera-
tors for spherical harmonics, ˆk 
j−(r,Ñ). Obviously, similar calculations may also be per-
formed using the rank-increasing operators, ˆk 
j+(r,Ñ), defined in [3]. In this case we ob-
tain instead of (14)
(A.7)
Multipole expanSionS of irreducible tenSor SetS and SoMe applicationS   91
Comparing (A.7) and (14), we obtain the nontrivial operator identity
(A.8)
which is valid for any analytical function f(r). This identity can be verified also straight-
forwardly for the special function f(r) = r n, making use of the relation dˆ kr α = (−2) k r α−2k 
(−α/2)k, where (α)k = Γ(α + k) / Γ(α) is the Pochhammer symbol. Thus, since the function 
f(r) can be expanded in a power series, the identity (A.8) is correct for an arbitrary func-
tion f(r) as well.
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